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ABSTRACT

Equivalent clrcult techniques are used to analyze
1 he scattgring properties of several differesnt loaded di-
electrics. These include: parallel plates, dielectric
slans loadad internally. and dielectric slabs loaded on
both sides by wilre screens. In the appendix, some remarks
are made concerming the problem of inductive or capacitlve
obstacles exposed to free space on one side and a dislectric

on the other,
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EQUIVALENT CIRCUIT APPROACH TO THE RADOME PROBLEM

LOADED DIELECTRICS

il Introduction

The Princeton Reportl treated the design of a radome
material from the viewpoint cof meleccular optics. Here, the

problem is approached from the standpoint of "equivalent cir-

CuitS" .

The use of equivalent cirzuilt technigues could be
discussed In terms of abstract theory. We prsefer, however,
to 1llustrate the method involved by detailed numerical
analyses of specific examples. The particular structures
chosen for analysis have been Suggested by the Investigations
of H, H. Worthington2

, o whom we are indebted for advance

accounts of his work, both by correspondence and personal dis-

cussion.

Worthington has been led to counsider structures, of
the type analyzed here, by an ingenicus series of theoretical
and experimental studies, His work forms a useful starting
point for the present, purely theoretical, discussion, not

only because of the intrinsic interest ol +itiie results, bux

¢also because of his use of equivalent circuilt concepts,
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o
Accordingly, this report Is partly a ccocmmentary on,

and partly a supplement to, Worthingtonis work; In some respects

it is an extension, in others it is an alternative, occasionally

more rigorous, formulation cf his ansalysis,

The plan of this report is as follows: We start with
some generalities on the probiem of matching a dielectric to free
space (Sec. 2); these romarks are deéliberately brief. The major
portion of the report is dcvoted to the numerical analysis <f a
few particular loaded dlelectrics (Sec. 3). In the course of
illustrating our approach by means of these spscial examples,
some general questions are encountered. The discussion of these

matters is reserved for the Appendices (Sec. 4).

2. General Remarks

28, E- and H-mode transmission lines: Suppose a plane

wave 1is incident or 2 dielectric from free space (Fig. la).

As 1s customary, we distinguish between the two polarlzations:
E-vector (a) pnarallel, and {(b) perpend.cular, to the plane of
Incidence. However, using the 1anguage5 of the modal analysis,

we shall call (a) an E-wave (or mode), and (b) an H-wave.

A modal analysis 1s useful when

O

ver, as in Fig. la,
a direction exists (directicn of transmission) such that the

determination of the field variations transverse to this

direction 1

Vg

trivial, ‘the

Jh

13verge variations may then be

TECHNICAL RESEARCH GROUP
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sunpressed, leaving a one-dimensional problem involving only
the direction of transmission. With respect to thils direction,
b the field variations corresponding to each mode are of the trans-

mission line type. :

The quantities4

that are regqulred to describe each mode as
a transmission line ol the E- or H-type are surmarized in Fig. 1.
We note that:

¢ i) The E- and H-mocde transmission lines ars duals
of cach other. This makes it simple to transform, by duality,

from the case where € alone varies to the case where 4 alone

varies, In ithe remalnder of thls report, we shall assuse that

only & varles as we change media.

1 i The relations in Fig. la are independent of
i . nclarization., As a consequencsa, the pha;e shifts for E- and
| H-waves are the same in homogeneous media.

111) If both regions are uniform In the transverse

direction, as in Fig. 1la, Snell's Law holds (kc same in both

regions),

; gb. Loaded diclectrics: Let €, = & + dJE in Fig.

;_ la., One ansproach to the radome prcblem asks: Can we; by load-
| ing medium 2 with suitable obstacles, eliminate the influence
of €, so that the gross properties of thc composite medium--

- characteristic impedance and propagatlion constant--are identical

TECHNICAL KESEARCH GROUP
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o thoss of mediun 17 In discussing this question, we shall

arhitrarily divide the tyves cof lcadlng into three classes:

"Sinple loadinz", The obstacles used have a geo-

metrical structure sufficiently simple to enable the fleld

arnhlem they present to be solved using a single mode,

"Complex loading",. Ilore than one mode’ is required

o

5 solvs the field problem,

"Unifcrm loading",., The obstacle spacing is so close

(44)\) that the new mcdium may be regrarded as homogeneous,

'

2ce_ "Simnle loadirz®, Ve ask: (a) If an E= (or H-) rode

is incident from reglon 1, can we arrange a set of chstacles

in regicn 2 so cthat only a single E- (or H-) mods can propsagate

In region 27 (b) If so, can we furthcr arrange the obstacle
spacings 30 that Z; = Z, and |(; = K °?

Regarding (a), we note that one type of obstacle

that cculd Le used to provide "simple loading" is a set of

s

arallel plates; this kind of loading, 2 pplied to the H-mods

t

as

0]

Q
-

s analyzed numerically in Section 3a,

Turning to (b): From the relations in Fig. 1, since
W and £¢ are the samc in both media, we see that, in the Ii-

rode case, if

(Rc~1) Z. = 2

TECHNICAL RESEARCH GROUP
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then we will simultaneously have
(20-2) ) Kl = ‘\/2
In the B-mode case, however, the imposition of (2c-1) Implies

(2¢-3) }(1 Kg

S P

Thus, for H-modes, a sot of obstacles that makes

Zl.g 22 at the same time results in K& = Ké ; In the ZI-

mode case, if Z, = Z

1 o we cannot have, concurrently, K&.= K% 3

Farther, we note that k& is & function of el. "Simple

L

loading", by definition, corresponds to a single mode in region
23 l.e., a single valuc of k;. It follows that a given set of

- "simple" obstacles can satisfy (2c-1) at only one value of 8 .

A physical interpretation of these remarks can be
based on Figs. 1lb, ¢, and an analysis of the extent to which

nges of k¥ in these flgures can be used to compensate changes

c
in eo
t
|
2d, "Complex loading" : 1In this category, we limit the
discussion to the following: The "elementary scatiorer" is a

thin obstacle that scatters more than one mode; such scatterers

are located at periodic Intervals in the transverse plane to form

TECHNICAL RESEARCH GROUP
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a two-dimensional lattice., Several such arrays may be arranged
In successive layers along the direction cof transmission.

The lattice periods, In the transverse nlanes; are
assumed to be lcss than /3v/2; i.e., only a single "propagating"
mode exists, In the longitudinal direction, successive layers
are separated sufficiently tc insurs that they inter-act only
through the single "propagating" mode.

With the imposition of thess conditions, the unloaded
medium may be represented by a transmission line and the loading
by shunt elements on the 1line, oﬁ; to represent each arraye.

This type of loading is analyzed in Secs. 3e, 3F.

The methods used are also applicable to any other arrays that

satisfy the requirements stated abovs,

2e, "Uniform loading": According to 11i) of Ssec., 2a, 1if

the loading is uniform in region 2; k, = k., at all angles
~1

of incidence. It then follows that all the inductances in Figs,

Ny

1b, c are unchanged as we go from one medium tec the other, while
the capacitances increase as we go from 1 to 2, For E-modes,
this changes both the seriss impedance and the shunt admittance
of the equivalent transmissicn line; for H-modes, only the shunt
admittance is changed. To eliminate these changes by unifom
loading, the E-modes require obs.acles that present a series
capacitance and a shunt inductance; the H-modes require chstacles

that can be represented by a shunt inductance.,

TECHNICAL RESEARCH GROUP




e

dpomim

Now, an analysis of the field problem shows, Iin
general, that a thin obstacle, when regarded ‘rom the proper
refersance plane, usually has a purely shunt element as 1ty
equivalent circuit, while a thick obstacle requires both serles
and shunt elements to represent 1it.,

Thus, insofar as the effect of £ € 1iIn medium 2 can be
compensated for at all by uniform loading, we conclude that:

(a) H-modes require that medlum 2 be loaded with
thin obstacles,

{b) E-modes require loading with thick obstacles,

(c) Both modes reqguire inductive shunt elements; in
additlon, the E-mndes aiso requlre capacitativs
serles alaments,

It fnllows that, when & increases, the compensatiox-.l
of an H-mode should be easie} than that of an E-mode, What is
requlred, for the H-mode, 1s a fairly dense distriwvution of
tnin, conducting cbstacles shaped so that no charges accumulate

~ v
Uil

ct

helr surfaces. A regular array of such elements 1is not
necessary; a statistical distribution will do.

For example, a simple shunt obstacle that is purely
Inductive, for H-modes, 1s a thin, irnfinitely long wire parallel
to the electrlic field:. Wires of finite length may also be used
if they are Inductive at the operating frequency {i.e., are

resonant below the operating frequency, as remarked in the
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Princeton Reportl). The lengths of the wires are fixed by
the iInductance required. Thelr thicknesses can be determined
by the vandwidth desired, for the Q of the wire will be pro-
porticnal to the ratio of volume to surface of the region ex-
ternal to the wire,

Although these considerations could be made quantitative,
this will not be done here. "Uniform loading" may be regarded as
the 1imit of "complex lcading™ as the obstacle separation decreases.
In the 1imit, separation<g < A , but large enough sc that only the
dominant mode interacts, the equlvalent circuit snalysls reduces

to the molecular opiics analysis,

3. Numerical Analyses

3a, H-mode parallel plates (semi-infinite): The geometry

is shown in Fig. 2a. On the left 1s a homogeneous mediui {€1==1)a
On the right is a set of szmi-infinite conducting plates, of zero
thickness, aligned parallel to the electric field and embedded in

a medium of dilelectric constant 62 = & . Each region, 1 or 2,

alone can be represented by an appropriate transmission line;
only the Jjun~tion s&ffect requires special consideration.

The Jjunction effect is described by three parameters
(dissipationless quadripole). These may be taken to be two
reference pianes le and Ti in Figs. 2a, ») and an 1deal trans-
former® (symbolized in Fig. 2b by its turns ratio n). In Fig,
2b, the right hand end of line 1 13 located on reference plane
i

15 the left hand end of line 2 1s on the reference plane Ti .

TECHNICAL RESEARCH GROUP
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i Els 52, it is lmowns that, for proper choj.ce of

2

'I'l and Ti, n“= 1, If there 1s no junction effsct at all, as in

2

Pig, la, we not only have n“ = 1, but also d= d4d!' = O,

In general, d and d! will vary with the angle of
incldencs, 91. However, d and d' are required only 1f the phase
of the roflected, or transmitted, wave 1s desired--or if the )
plates are of finite length. If we calculate the power reflected

from, or transmitted into, ths semi-infinite plates of Fig. 2a, d

and 4' are not needed.

Wwe shall take advantage cof this. By calculating power
only, we shall eliminate the reference planes from the calcula-

2

tion; only the value c¢f n“ will be necessary. Taking n“= 1 wiil

then be equivalent “c ignoring the junctlion effect completely.

In this Section, mostly for didactic purposes, we shall

take n2

= 1; the more accurate calculation, including the junction
effect, is given in Sec. 3g. We shall see that the junction effect

is Important,

Retuming to Fig. 2a, we note that the separation of
the plates is not arbitrary. "a" is bounded from above and
below by the requirements that only the lowest modes propagate

In regions 1 and 2.

TECHNICAL REYEARCH GROUP
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3 (3a-1) a8 & Ao L 2a £ A,
_ E
To fix a convenient value for "a™, we use the connection with Kz:

2 2 2
(3a-2) )(2 = fakz - k°2 = k1 £ -("/a)?

Here, Wg may be fixed by the requirement that Z,= z

fand th -
1" 4d ere

fore )(2 - )(1) a2t some value of 91, say 91- 90 :

(3a=-3) )(2 = klcos 9,

From Plg. 2b, therefore,

(za-4) 2.2/ e
Z 1
1 cos 90

For unit incident power, the transmitted power, P., 1isjaccording
e to (4a=5):
2
. (3a-5) P,=1 - {cos 81 - cos 8, \
\cos 91 + cos 8, /

Curves of Py vs. 91, for Go = o'.°, 500, and 60° arse plotted

in Fig. 3. A discussion is glven in the next section.

3b, H-mode dielectric (semi-infinite): For comparison

< with the parallel »plates of the previous section, we have
computed ths transmisslion of an H-mode from free space into
a semi-infinite dielectric (E=2.59)., The result *s plotted
In Fig. 3.

The geometry is the same as Fig. la with &, = 1 and
€, = 2.59. The equivalent circuit of Fig. 2b applies horc if

TECHNICAL RESEARCH GROUP
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we set d=d!' = 0 and n2=1. 22/21 1s gilven by:

(3b-1) 20 . % . % &
7

ey -
L~ /ﬁ'-l - cosEQ
1

l I\g V “—
As before, Pt is computed by putting thils wvalue of zzl/zl in
(43‘5)0
In the 1imit E>D 1,

(3b-2) Ptf-s/ % + 0088y

Turning now to Fig. 5, and taking the range of 1incildent
angles for which Pt> 90% as an arbitrary figure of merit, we seo
that, insofar as the junction effect may be ignored, "simple
loading” would seem to be uzeful. The bare dlelectric falls
below 90% transmiszion when 8> 40°, "Simple loading"; matched

at 90= Oo, has Pt = 1 at normal incldence and Pt falls belcw
90° only for 9> 60°. Matching at 6,=5C°%, or 8 = 60° causes
the performance to deteriorate at small angles of incldence,

tut extends the 90% point to 70° and 75° respectively.

Moving tl.: matching angle, © to large angles, in

o?
order to improve the performance at large angles, always reduces
the transmission at small incildent angles. For, s ince (3a-5)

1s symmetrical in 6, and 6;, the value ccrresponding to 8 = A
91 = O, 138 the same as that for eo.-.- 0, el= A . As a result, the

8, = 0 curve can be u:ed to glve the deterioration at low angles.

For example, s ince the €, ™ O curve passes through Pt = ,9 at

6, = 60°, the 8 = 60° curve shows the best that can be done

TECHNICAL RESEARCH GROU?P
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at high angles 1f the low angles transmission is not to fall
below 90%.

Since they are based on the results of Sec. 3a, these
remarks are, of course,; cnly approximaisely true, for the junction
effect wes lgnored in Sec. 3a. The modifilcations introduced by
the junction effact are given in Sec. 3g.

We remark that these results, although for semi-infinite
media, also having a meaning for slabs of finlte thickness. This

ccause we are looking for very high transmissions, so high

that two or more reflections may become negligible. If the successive

reflections within the slab may be ignored, the slab may be treated

using the simpler calculation applicable to & semi-infinite medium.

3c. E-mode diselectric (semi-infinite): The H-mode parallel

plates described In Section 3a have trznsmission curves that

closely resemble those obtained when an E-mode 1s incident on
a dielectric. For an E-mode incident in Fig, la, ( €, - 1:

€2=€ ), the equivalent circuilt 1is again given by Fig. 2b

(d=gqr=o0; n2=1) except that now:

(3c-1) T2 = € K = _6_.0_0_8 Gl._

L6} € G vVE-1+ cosgel

The dielectric 1is matched to free space at the Brewster angle

GB , Where

(3c-2) tin % = VE

TECHNICAL RESE CH GROUP
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{3c-1) car. be rewritten as:

Y2 8 cos 83
- 2 2 )
Yl v/(& = 1) cos Ay +cos®e,
Or,
(3c-3) Y_ cos el
—_—~~ - —_— ; if J& > 1
Yl cos QB

From (4a-5), therefore, for unit incident power,

cos 97 -

cos 64

cos opn 2
cos eB‘/

Comparing (3c-4) and (3a-5), we see that the E-mode power

(3c-4) P =1 -

transmltted by a dlelectric 1is similar to the H-moude power

transmitted (ignoring the junction effect)# through a set

of parallel plates. The correspondoncse ucitween 8, and 90

implies only thalt the "angle of match™ must bse the same in
both cases. Of course, the condition/Jg >> 1 is assumed to

hold,

In Fig. 4, € has been taken as 2.59 (plexiglass)

and P

+ plotted using

the exact reluition {3c-1) and the approxima-
tion (3¢c-3). Even for tul: small value of & , the error in

using (3c-4) 1is less than 4%,

The junction effact does not change this qualitative

remark, sSince 1t can only Introduce a tranaformer ratilo
into (3c-4),
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35d, H-mode dlelectric slab: In Fig. 5a, a dilelectric

slab, dielectric constant &€ , is bounded on both sides by free
space, The equivalent circuit is shown in Fig. S5bp: The ref-

erence planes Tl’ Ti coincide with the two faces of the slab.

2
According to (4a-10), the power tranamission | 7| is:

FPor ar. H-mode incident, za/zl is given by (3b-1), while

(3d-2) s = kl,/a- sin291

A transmission curve for a slab having £ = 1/8" and € = 2,59

is shown in Fig. 7 (Curve 4).

3e. Wire screens: In Fig. 6a, an H-mode propagates

through a dielectric loaded with thin, conducting wires aligned
parallel to the E-vector., Such obstacles present a shunt in-
ductance, just what is required, according to Sec. 2, to reduce

the effective dielectric constant.

Tue equivalent circuit, Fig. 6b, 1s a transmission
line --characteristic impedance, Z, propagatlion constant | ~-

loaded perlodically by shunl susceptances.

TECHN!CAL RESEARCH GRQUP




Instead of the infinite medium of Fig. 6a, we shall
analyze the two cases shown in Flgs. 6¢ and 6e, the equlivalent
circults of which are shown in Figs, 6d and 6f respectively.
fige. 6c 1s obtalned by slicing a section midway between tthie
screens in Fig. 64; rig. 5e follows from Fig. 6a by excising
a gsection that bisects the scresens (this must be understood
as bisecting the shunt admittances rather than an actual
mechanlcal bissction -- that is, Fig. Gf’rather than Flg. 6e,

describes the situation more accurately.)

We have computed the transmission through the slabs
of Figs, 6¢c and 6e by reducing them to the homogeneous case
shown in Figs. 5a, b. The necessary equacions, derived in
Sec, 4b, show that the propagatlion constant, j(‘z, of the
equivalent homogeneous slab, is the same In both cases;

putting'B = Ie/Z = A7, in {4b-3),

(3e-1) cos KziscosK/C - /6,/2 sin ICL

whare ){ 1s the propagation constant of the unloadcd line,
The value of ZZ/Zl’ however, differs for each case., For
Figs. 6¢c, d, since (4»-8) 1s appropriate,

sin .)CLE - /2 tan k’?z}

(’36-3) Zz

Z
_z.i. sin )(g,e::_.z_i.

while, for Figs, 6e, [, since {4b-4) appliles,

TECHNICAL RESEARCH GROUP
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Z
2 o sin [ Le-E sinkld .
Zl < (_.1

(Ze=3)

If the subscript "2" is dropped in (3b-1) and (3d-2), the
resulting expresslons correctly represent the values of I
and 2/Z, to be used In the formulas above.

/C? may be obtained from the susceptances, given in
the Waveguide Handbook7, for inductive posts in freo space.
Two remar¥ks are necessary. Flrst, for thin wires, the series
arms of the equilvalent circult may be negiected. Second, the
Influence of the dielectric--completely surrounding the wires
in Fig. 6c¢, only partly in Fig. 6e-~--must be considered. This
is discussed In Sec. 4d. The concluglon 1s that the absolute
shunt admittance, jB (as distinct from the relative shunt
admittance jB/Y), 1s unaffected, to the first order, by a
chenge in £ . Thus, the values given for bare wires in the
Wavegulde Handbook, if reduced to absolute admlttances, may
be appliled directly to Flgs. €c, s.

A theoretical formula 1s given in the Wavegulde '
Handbook! for the shunt reactance X, (= - % ) of the wires,

Taking only the first term of thls expression¥

(Ze-4) /5=_§_ & = 2
Y Ka Ln ®jhcd

where d is the dlameter of the wires and a 1is the spaclng.

— —— —— o ———— —— o —— a—— e mp e e Gk emw mmn emw e e e e e wem e e ew m— —

3¢ This produces an errcr 01‘4110%. The resulting accuracy
is sufficient for the 1llustrative purpocses in mind here,
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These equations sufrice to analyze the structures of
Figs. 6c and 6e, The results, for transmlssion, Pt’ phase
shift, paN , anid the admittance of the equivalent homogeneous
line, are given in Table I; transmission and phase shift
curves are plotted in Fig. 7, with a plain dielectric slab
plotted for comparison (Sec. 3d). The constants used, suggested

by Worthington's work, are:

» = 1.26" E = 2,59"
& = st d = .oo1"
These values are common to all the curves., For curve
1, Worthington's value, a = ,268" was ussd. A calculation,
based on the eguilvalent circult; implied that a hetter match
might be obtained for a = .280". This value was used for curve
1'e Ths low angle behavior, as expected, 1s improved, but curve
1! falls off more rapidly at large angles than curve 1. (For
curves 1 and 1' the wires are lmbedded in the center of the slab.)
Actvally, this 1s not so bad as 1t seems, for, according
to Table I, at angles—~—85° and above, curve 1 is really bevond
cut-off, while curve 1' is not. Thus, if the thlcknsss wsre
increased, 1L would drop rapidly while 1' would only oscillate,
Curve 2, where there 1s a set of wires on each side of
the slab, assumes "a" adjusted so that the susceptance of each

wire screen is 1/2 that of the screen of curve 1, Thus,

curves 1 and 2 are related to each other as Figs. 6¢c and €e.
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Curve 3, with the same wire configuration as iIn curve
2, shows the effect of increasing "a™ to .5", while curve 4 is
ths plain dielectric slab,

The flatness of these curves is quite surprising; their
quantitative behavior seems quite close to Worthlngton's experi-

mental results.,

3L, Dissipation: In the previous discussion, the dielectriecs
were assumed lossless. If the dielectric constant has the real

part E' and the imaginary part g , the attenuation constant

A 158
2
¢ar-1) R - A .
2 K

where, kl is the wave number In free space, and, for EP small,

}C may be computed assuming 8":=-O. For plexiglass, a% n=3 CMa.,
E'= 2.59, £€" = ,0067. Using (3d-2) (dropping the subscript
"2") in (3f-1),

(31-2) 4= g"x 01Ty !, oy !
MWE - ain* e, V 2.5%-0in"s,

The 1loss in power in passing through a 1/8" slab is therefore
of the order of 1/2%. This correction is more taan the re-
flscted power over most of the range of curves 1, 1', and 2
in Fig. 7,

However, while reflected power may cause serious

trouble, because of interference effects, disslpated power,
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since it 1is removed from the system, usually is not trouble-
some. In most applications, dissipation as small as that

sncountered here may be lgnored.

2z, Junction effects: We retu.n to Figs. 2a, b. As

in Sec, 3a, we wish to computse the power, Pt’ transmitted
into region 2 when unit power 1is incident from region 1.

In Sec. 3a, the calculationwas 3implified by the approxima-
%«41; now, we shall use the exact value of n2. o
We take:E = 2.59; a/}\' = .4, This value of a/,g' is
very close to the value appropriate to the &, ,= 0 curve of Sec,.

38,
Our procedure, based on the results of Sec. 4c, 1s

as follows:?

1) We first take &,Ze El = 1. Then, the equivalent cir-
6

cuit is known That is, n? = 1, and formulas for 3 and 4°?,

as functilons of 91, are availablee. With a/'}a1 = ,4,

: 2
(3g-1) .%; = h— (_Z\l_\ = -1.748

2at/
Thus, the parallel plates are beyond cut-off. However, the
formulas6 fer d and d!' may still be used; applied to this

case, they result In the curves of Fig. 8,
i11) We now have 4, d', and n{=1). This representation
is transformed, using the formulas of p. 120ff. of the Wave-

gulde Handbook, to an equivalent T=nstwork relative to the
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reference plane coinciding with the boundary between regions

1 and Z. The equations of the Wavegulde Handbook are slightly
modified because, according to (3g-1),; K2 (and therazfore Zz)

is purely imaginary. The rslevant equations are obtained by

the replacements Ko —>-] [ th Zo — > J 125 |1irn the equations
of the Waveguide Handbook,
a = ._z.ll = - o’\ﬁ + H
324 b - J\
o G Z
(3g-2) = ~22 =1 + & SY¥Y :
g B = n ¥
B . 2oy Do T
= 11 %227 %12 _ K-8y,
2y 2 B -3 r
whers; & = tan [K;d
)(1 = 2JC cos 6,
'
,8 = ] tanh ‘)(zd"
o = 2C
A
&
~Z &
Z K2’
i11) Now 1let 52 =& . Then, 1{2, ? become K' ', where

A / (2 Y = 1.02
VAN S
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(3g=-3) Z3_K2 _Jdep - 1.02  _ 51,37
f2.Kz 2 = 102 . _ .
7 e Nes =1.748

iv) Sec. 4c now states that, 1if 52 = &, the atsclute

o , . B =
impedances, le, 212 and 222, computed from (3g-2), are un
affected, tc the first order in &€-1. Thus, changing &g

from 1 to €& results in a. b, ¢c,—»a', b!', c!', where:

at = a
' = %9
(3g-4) ¢ e c
Z2
b' 22 b
Zl
2

v) Using (3g-4) and the formulas of p. 121 of the Wave-
gulde Handbook, we filnally compute

(3g_5) n‘2 A _ -—b" - 1+ al2+ b12+ 0'2
Z, - 2 (b'+ a'c' )

[»] . 2

'j_' 14 a'2+ b!e 4 012\ -1
2 (b' 4 atet)

N

The X sign distinguishes reclprocal values of @'. These

are fully equivalent (see below).
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This sequ:ncze of steps furnishes the exact trans-
former ratio, n'z, to replace the approximation, n'® = 1,
used in Sec. 3a. In terms of n' and ¥ ', we then have, for

the reflection coefficient (power):

2 2
2 1 n!2 o
( 3e-6) lR‘ e 23 oty
12 - P
'n . t
z, n'% 4 2, 1=
Thils equation is clearly unchanged if p! ——?—%ﬁ—-. Thus,

for our purposes, the choice of sign in (3g-5) i1e immaterial,
We have plotted, in Fig. 9, the transmitted power

P computed for unit incident power. A curve has also been

£
drawn for the cas=s n’ia = 1, For this calculation, taking
n! 2- 1 is equivaleant to ignoring the junct}on effect, andg,
as expected, this curvse closely reproduces the éotmo curve
of Sec. 3a. (Fig. 3).

The difference betwesn the two curves of Fig. 9 is
a measure of the importance of the junction effect in Fig. 2a.
The curve that exhibilts the junction effect shows that the
periormance 1s detericrated by the junctione ffect. This may
be corrscted for by changing the spacing between plates, "a".

The effect of changing "a" may be estimated by a perturbation

calculation.
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4, Avpendices

4a, Transmissicn and reflection formulas: The (voltage)

reflection coefficlent, R, dnue to a load 22 on the end of &
transmission line of characterlstic impedance Zq (Fiz. 10a)

is:

(4a-1) R = _V reflected _ Zo- 2
V incident = 7. z.
nciden Zo¥ zl

Z, may be due to an infinite line of characteristic
impedance Z, connected to 1line 1 as in Fig. 10b. The (voltage)

transmission coefficient, T, for thls case, 1s given by

= v
(4a-2) T = 2 transmitted _ g _ 229
V incident Z 17
L

The powers, incident (Pj), reflected (PB,), and transmitted
(Pp), are:

Py = Y, |v1 ;
2 2
=Y, R ] |y

= Y, ,vT -_-_Yle' \vil

- 2

where:
(4a-4) Py =P ¥ P

If Py =1, therefore,

1l - 2/21 = X '

Z 4+ 1|
e/z1 I

” 2
-5 1 -|R
{ 4a ) PT = ’ R ’
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These formulas apply to the junction of two semi-
infinite dielectrics, or lines, We also wish formulas that

express the transmission through a dielectric slab Fig. 1la).

ct

The equivalent circult is shown in Fig. 11b. We shall compnute

3

»
a

r
4ty

[eR
ct
2
[¢]
ct
"3
b
3
$
s

L o~ m .- o - o e =8 Ok L
the refilecticn, szion, T, due to an incident

3

(voltage) wave of unit amplitude.

Becanse of the symmetry of Fig. 11b, 1t 1s equlvalent
to the superposition of Figs, 1lc and 11d. TIn Fig. 1llc, the
Incident waves are symnetrical about ths plane of aymmetry;
therefore, the reflected waves are also symmetrlcal. In Fig.
114, incident waves (and hence reflécted waves) are anti-
symmetrical about the plane of symmetry.

In Fig., 11lc, ths wvoltsge 1s symmetrical about the
symmetry plane, Therefore, the current is anti-gsymmetrical about
this plane; that 1s, the current 1s zero on the plane, and an
open circuit may be placed orn this plane. Thus, ﬁfe may be
compuvzed from Fig. lle. . : .

Similarly, Fig. 11d 1is equivalent to Fig. 11f, in
which a short circuit 1s placed on the symmetry plane.

We shall therefore compute /56 and Afo from Figs.,

1le, and 11f, and then use:

(4a-¢) R = /% +/(f°
T =L -/Ao

In, Fig. 1le, the reflection coefficient is 2}55,gnd

the impedance presented to line 1 by line 2 is — sz cotb(z 2/2,
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Thercfore, from (4a-1),

232y cot¥ply, 2z

1

(4a-7) 2/6e =

Correspondingly, frem Fig. 11f,

sz tanX% l%& - Z1

(4a-8
e e
(0] g
iZg tanY(E ,é/& + 2y

Thus, we finally find, putting Z =

® = KpA:
(4a-9) (2 -Y) .
- J\T@g~/s5np
R e 'C’e +ﬁo = ~ /—
cos LL+jiaty sinsa
2

And,
y /7-Y)
,Rl = sin 4?
1 +<}E_:_}%> sin 9)
(42-10) o ) 2
’TI = 1+/ﬂ)21 Sinz(p = 1 l R/
2 '

For unit incident power, these expressions glve the

power reflected Irom, and transmitted by, the slab.
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4b, Impedance and nropagstion coustant of a loaded line:

Tn this Section., we wish to establish the equivalernice between
a unifcrm line (Fig. 12c) and a iins, either lvaded at sach
end with the shunt admittance jB/2 (Fig.l 12a), or loaded at
the center with ths shunt admitftance }B,
A uniform line, of characteristic admittance Y, pro-
pagation constant )  , may be represented by the J{ network
of Fig. 12d, the relations for which may be written in the follow-

ing equivalent forms:

Y, = -3 ¥ cot K&; Y, - Yy, = J Y tan K& /2

(40-1)

12 ¢ : a1
Yie

= =] y 5 .
Y Y CSC“ Y]_l = 55 KL

Fig. 12a is obtained from Fig, 12d by adding }J B/2 to

each end. This leaves Y,, unchanged, but Y  —> Y . =+ B/2.

12 11 1
Thus, 1if we prime the elements of the W network corresponding

to Fig. 12a,

(4b=-3) cos KU, B & p Fj B/
-— B 11 '
= 11 = = cosld- B_ sin Kl
' [»

the new characteristic admittance is related to the old by:

(4b=-4) s‘g\ — = JY, = j"YlQ: v
g : sin )C&

Thus, {4b-2) and (4b-4) express the connections between Fig. 12a

and Fig. 12c.
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To relate Fig. 12b to Fig. 12¢, ‘e replace Fig. 12b
by its esquivalent, Fig. 12e. TIf we *,mporarily ignore the eacd-
mittances - j B/2 at each end of Flg. 12e, the remalnder forms
two secticns cach similar vwo Fige. lza. We can therefore apply
{4b-3) and (4b-4) Lo these sections. Calling the characteristic
admittance and propagation constant of the equivalent uniform

lins Yo and (o R

(4b-5) cos I(, ’e/"a = cos Kh/2 - _B__ sin ﬁt/z
2Y

xr

.Lo -

= Y
sin i £/2 sin K&/2

Now we must consider the admlittances - ] B/Z‘, which shunt each
end of this line. Again we have a situation as shown in Pig. 12a,
Ao»lying (4b-3) and (4b-4) to this aituation, we find the equilva-

lence between Figs. 12b and 12¢ to pe gilven by (4b-5) ands

cos WL == cos 0(0,64-____ sin Ko/e/

2Yo
(4b-6)
__L.. — YO
sin KW sin i L
(4b=-5) and (4b-6) reduce to:
(4»-7) cos KL = cos ICL - B sin C2
Y
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sin jc, L Y

Comparing {4u-7) and (4b-8) with (4b-3) und {4b-4), we see
that although the propagation constants are the same for

Figs. 12a and 12b, the characteristic admittances are different.

4c. Interface admittances: In Section 3e, the problem of

computing the equivalent circuit of Fig. 6e arose., Here, the
difficulty lay in the fact that although a result was availlable
(In the Wsveguide Handbook) for the case where the obstacle was
surrounded by a unifurm medium, we rocquired the solution cf the
prcblem where each half of the obstacle was immersed in a
differeat medium. We wish tc consider such problems here, 1imit-
Ing ourselves, howvier, to those cases where the equivalent cir-
cult is a simple shunt elemen?.

For H-mode problems, our point of departure will be

the varlational expression for the absclute value (as distinct

from the relative value) of the shunt reactance, X:

| oo, @] ZE: (1) [ e
(4c-1) -ix P74 = Z I ‘-}-z T
n n 1 n

Higher
Modes

(2)] ®

n

¢}

Here, quantitlies belonging to the regions on each side of the
obstacle are identified by superscripts 1 and 2. The subsecripts
identify the mode numbers; the dominant mode does not carry a

subscript. The higher mode characteristic impedances are {say
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for line #1"):

SR

(4c-2) v/

el £ A
Kn Z =
Jwia, £, —kep,
but under most c¢conditlions the X?s are approximately egual to

W "
their static values and the Zn's may be replaced by:

n

(4c-3) Z(l)
ns

- Lwisg,

Kcn

in this limit, é% (or'éz ) does not app=ar gxplicitly in
(4c-1). Its only influence is indirect, i.e., by changing
the value of the exact field appropriate to the »rchlem,
However, the variational principle automatically
minimizes the effect of changes of the fiel@. Hence, the
value of X 1s unchanged, to the first crder,'by changing <E
or &, from unity; i.e., changing &, or é_ produces a
second order change in the absolute Impedance that represents

tnhe obstacle,

For E-modes the prsvious equatioﬁs are replaced by:

2 ( o : 2

(4c-1') - 1B 'vl = = ('1) o €2)| .(‘2)/
[ Higher Y ,Vn
Modes
, (1)

e Yn = ng - WweE,

v ST, &, - ke
(4c-31) Y:ll) = - 1 &IE .

s
knéyt
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Here, the variational principlo for the absolute

susceptance ’B' hecomes,; using (4c-3'),

z 2 )
H{ ER 5 + Ea [V
Modesr ti) i i U €¢:' N / f

and there 1s a flrst order dependence on fl and fg. Clearly,

the effect of changing él or 52 from unity to another value

devends on the relative stiengths of the higher mode filelds

V (1) and V (2). If the fleld is concentrated, so that the co-

(1)

efficients V (2) are <<V . the siltuation can arise where
char;ging El has an appreclable effect while changing 52 dces

not.,
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TABLE I

! 1/

o7 P N Y2/ P A Y Y .

0 7.99851! -.434 9313 L09983 167 | .97843
10 99834 | -.450  .9309 :
£0 499841 -.484  ,9295 |
30 [.99853 =-.534 ,9270 [.99996 | 1.300 : .98816
40  ,99865 | -.516  ,9216
50 1.99878 : -.767  .9114 i ,
60 .99882 =1.000  .&877 [.99956 | 2.167 '1.06319
70 ;99858'—1;484; .8426 [.99813 | 3.150 11.17399
80 1.99675-2.934 | .0332 {98978 | 6.15C '1.67168
85 |.9880 ! ﬁ-le.&MZss.95749 12,067 2.89845

_ e 3 | 4

°| Pr | &% Ya/N | Pr | &% Yas/vi | Pr | A°
0O 1.59604 | -.383  1.10059 993 | 1.534 :1,1481 | .8521 | 24.534
10 |,99706 | -.400 | 1.00999 [-993 | 1.633 [1.1519 | .8477 | 25.192
20 |.99742 | -.434 ! 1.,09776 993 | 1.733  1.1562 | .8335 | 25.918
30 |.99794 | -.500 | 1.09394 [.993 1.850 [1.1635 | 8068 | 27.742
40  1.99861 | -,616 | 1.08664 [.994 2.000 '1.1753 | .7616 | 30.700
50 1.99928 | -,80C | 1.07357 [.994 2,350 '1.2022 | .6871 | 35.250
0 1.99984 -1.,100 | 1.04478 [.994 2.967 11.2595 | 5651 | 42.225
70 1.,99994 -1.684 1 ,95783 [.991 4,333 11,4167 | .3739 | 52.0C
80 |J99765 =3,416 | .03900 975 8.450 [2.0661 | .1320 | 69.033
85 |.98678 % | ~Jl. 932634 917 16.400 |3.6433 | .0368 | 79.108

#3evyond Cutolfl

A= P-UAL ) Tan§’=

| + ()@./?ﬁ)aterXé.P

2(Y2/Y)
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FCOT-NOTES

Final Report, Princeton Unlversity Radome Study,
Contract No., N60nr-27023 (1 March 1952). %Secret}

Bjorksten Research Laboratcrles, Madlison, Wisconsin.

Marcuvitz, N., Waveguide Handbook, Vol. 10, p. 84ff,
Radiation Laboratory Series, McGraw-Hi1l (1951).

We use the notation of the Waveguide Handbook, Chapter 1
Wavegulde Handbook, p. 117ff,

Wavegulde Handbook, p. 290; compare p. 172.

Waveguide Handbook, p. 286.

Wavegulde Handboolk, p. 18,

TECHNICAL RESEARCH GROUP



-

Armed Services Technical Information i

Because of our limited supply, you are requested to return this copy WHEN IT HAS { £R V12

YOUR PURPOSE so that it may be made available to other requesters. Your cooper adon
will be appreciated.

,s“?ﬂi?m&m.lmga!mer_-::aawm;“

P\

ORI 3wt N o a2 5 X S A 14 A =SV s A 1 AL I e MBI SR e WA A AR T A ST

- NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER A A t
ARE USED FOR ANY PURPGSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATE

- GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY L{CURY
NO RESPONSIBILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIEL THE
SAID DRAWINGS, bPEL.IFICATIONS OR OI‘HER DATA IS NOT TO BE REGARDED BY
IMPLICATION OR OTHERWISE AS AS IN ANY MANNER LICENSING THE HOLDER OR A{Y OTHER
PERSON OR CORPORATION, CR CONVEYING ANY RIGHTS OR .PERMISSION TO MAN U)w"r URE,
USE OR SELL ANY PAI‘FNTED INVENTION THAT "MAY IN ANY WAY BE RELATED "HERITO.

—=
et . st DWW s TP

RQ# OdUC€d !bY -
OCUMENT SERVICE CENTER

N
]

Yee
.
-2
A
.
-
0 *. 'J.



	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053

